Abstract. Let X be a compact connected CR manifold with a transversal CR S 1 -action of dimension 2n − 1, which is only assumed to be weakly pseudoconvex. Let b be the ∂ b -Laplacian. Eigenvalue estimate of b is a fundamental issue both in CR geometry and analysis. In this paper, we are able to obtain a sharp estimate of the number of eigenvalues smaller than or equal to λ of b acting on the m-th Fourier components of smooth (n − 1, q)-forms on X, where m ∈ Z + and q = 0, 1, · · · , n − 1. Here the sharp means the growth order with respect to m is sharp. In particular, when λ = 0, we obtain the asymptotic estimate of the growth for m-th Fourier components H
Introduction
Let (X, T 1,0 X) be a compact connected CR manifold of real dimension 2n − 1, n ≥ 2, where T 1,0 X is the given CR structure on X. For p, q = 0, 1, · · · , n − 1, let Ω p,q (X) be the space of smooth (p, q)-forms on X. Associated to the CR structure, there naturally comes the tangential Cauchy-Riemann operator ∂ b , which shares similar properties as ∂-operator on complex manifolds. For example, ∂ [6, 10, 20] .
One of the most significant feature of differential geometry is the input of a specific metric. CR geometry is not an exception. Putting a Hermitian metric into the CR strcuture, in a quite standard way, one get the so called b -operator.
The mystry of the geometry of CR mainfold lies behind ∂ b and boperator.
One may expect many Riemannian geometric methods, which have shown great power in the study of fundamental problems in Riemannian geometry, such as gradient estimate, eigenvalue estimate, the analysis of heat kernel and so on, can be adapted into the CR picture.
However, both the ∂ b and b operators are not elliptic operators, which put much more thorns on the way for CR geometers.
For the time being, there are many progress towards the study of ∂ b and b , or in other words, the study of Kohn-Rossi cohomology and CR eigenvalue estimate, most of which focus on strongly pseudoconvex CR manifolds. For example, the embedding problem of the CR manifolds (c.f. [1, 2, 5, 7, 8, 13, 16, 21, 23, 25, 26, 27, 28, 36, 37, 42, 43] ), and the study of the isolated singularities of complex hypersurfaces (c.f. [32, 33, 34, 35, 39, 40] ). It is worth to mention that Stephen Yau and his coauthors have found many important and remarkable applications of the Kohn-Rossi cohomology to the theory of singularities, complex Plateau problem, the embedding problem of the CR manifolds, and rigidity problems on CR morphisms between compact strongly pseudoconvex CR manifolds ( [12, 29, 44, 45, 47, 46, 48] ).
Though there are important progress, the CR eigenvalue estimate and Kohn-Rossi cohomology of general CR manifold, for example, CR manifolds which is not necessarily strongly pseudoconvex, are not so well understood. This is the main concern of this paper.
In this paper, we take the task of studying the CR eigenvalue estimate and Kohn-Rossi cohomology of a compact connected CR manifold X admitting a transversal CR S 1 -action, which is only assumed to be weakly pseudoconvex.
Thanks to the S 1 -action, we have the decomposition Ω p,q (X) = ⊕ m∈Z Ω The first main result of this paper is the following asymptotic estimate for the distribution of eigenvalues of n−1,q b,m . Theorem 1.1. Let (X, T 1,0 X) be a compact connected CR manifold of dimension 2n − 1, n ≥ 2, where T 1,0 X is the given CR structure on X. Assume that X admits a transversal CR S 1 action and X is weakly pseudoconvex. Then for m sufficiently large, if 0 ≤ λ ≤ m, It is worth to mention that, examples are provided in Section 7 to show that the growth order, say m n−1−q in our Theorem 1.1 can not be improved in general.
Taking account of the transversal CR S 1 -action, we want to ask more structures for the Kohn-Rossi cohomology. To this end, we get our second main result as follows. Theorem 1.2 (Serre type duality theorem). Let X be a compact CRmanifold of real dimension 2n − 1, which admits a transversal CR S 1 -action which is locally free. Then we have the following conjugate linear isomorphism in the cohomologcial level With Serre type duality in hand, Theorem 1.1 gives us the following Theorem 1.3. Let X be a compact CR-manifold of real dimension 2n − 1, which admits a transversal S 1 -action which is locally free. Suppose that X is a weakly pseudo-convex CR manifold. Then we have that for q ≥ 1, dim H 0,q −m (X) ≤ Cm n−1−q , as m → +∞.
It is worth to mention that Theorem 1.3 improves very much the corresponding estimates of Hsiao and Li in [19] . Namely, under the same assumption of Theorem 1.3, Hsiao and Li obtained the following estimate: dim H
Several applications of our main result are in order, among which, we answer an open problem informed to us by Hsiao.
Firstly, combining Morse type inequalities in [19] with Theorem 1.2, there comes the following Theorem 1.4. Let X be a compact connected CR manifold with a transversal CR S 1 -action. Assume that dim R X = 2n − 1, n ≥ 2. Then for every q = 0, 1, · · · , n − 1, as m → +∞, we have
In particular, when q = n − 1, as m → +∞, we have the asymptotic Riemann-Roch theorem
In particular, when q = n − 1, as m → +∞, we have the following asymptotic Riemann-Roch theorem
Remark 1.1. As a complement of Theorem 1.4 and Theorem 1.5, we point out that, by almost the same proof as in [19] , under the same assumptions, one can prove the corresponding strong Morse type inequalities for the complex (Ω
and as m → −∞, we have
Combining Theorem 1.1 and Theorem 1.5, we can obtain the following Theorem 1.6 (Grauert-Riemenschneider type criterion). Let (X, T 1,0 X) be a compact connected CR manifold of dimension 2n − 1, n ≥ 2, where T 1,0 X is the given CR structure on X. Assume that X admits a transversal CR S 1 -action. If X is weakly pseudo-convex and strongly pseudo-convex at a point, then
That is to say, there are a lot of CR sections of the canonical bundle K X of X.
Remark 1.2. Theorem 1.6 can be used to study the embedding problem for weakly pseudoconvex CR manifolds with transversal CR S 1 -action, which will be discussed in a future work.
Orbifold appears frequently when you do some quotients in algebraic geometry and reductions in mathematical physics, for example in the process of symplectic reduction. It is also a simplest case of singular space. An open problem, informed to us by Hsiao, is to ask that whether similar estimate as in Theorem 1.1 also holds for compact CR orbifold. Here, we say the answer is yes, by establishing the following Theorem 1.7. Let (X, T 1,0 X) be a compact connected CR orbifold of dimension 2n − 1, n ≥ 2, where T 1,0 X is the given CR structure on X. Assume that X admits a transversal CR S 1 -action and X is weakly pseudoconvex. Then for m sufficiently large, if 0 ≤ λ ≤ m,
Moreover, we establish the following isomorphism of Grauert type in the orbifold level, which we think is of independent interest. Theorem 1.8. Let M be a compact complex manifold and G a compact Lie group. Suppose that G acts on M analytically, locally free and dim C M/G = n. Let L be a G-invariant holomorphic Hermitian line bundle over M. Suppose that L admits a locally free G-action compatible with M. Take any orbifold Hermitian metric h
h L * = 1} and X = X/G. Then for every p, q = 0, 1, · · · , n and every m ∈ Z, there is a bijective map
In particular, dim H p,q b,m (X) < ∞. It should be remarked that the case of p = 0 of Theorem 1.8 was established in [9] . From Theorem 1.7 and Theorem 1.8, we obtain the following Theorem 1.9. Let M be a compact complex manifold and G a compact Lie group. Suppose that G acts on M analytically, locally free and dim C M/G = n. Let L be a G-invariant holomorphic Hermitian line bundle over M. Suppose that L admits a locally free G-action compatible with M and the curvature of L is semi-positive. Then we have that for m sufficiently large,
where C is a constant independent of m.
We also remark that we can generalize Berndtsson's estimate to the compact Hermitian orbifold case as follows: Theorem 1.10. Let (X, ω) be a compact Hermitian orbifold of complex dimension n and (L, h) → X be a holomorphic Hermitian orbifold line bundle with semipositive curvature. Let E → X be an arbitrary holomorphic Hermitian orbifold vector bundle. Let be the ∂-Laplace operator act on
is similarly defined as above. Then we have that for m sufficiently large, if
To close the introduction, we sketch the proof of Theorem 1.1. By Baouendi-Rothschild-Treves [3] , we get a picture of the local structure of CR manifolds with transversal CR S 1 action. In fact, locally, it is a part of the a circle bundle, i.e. it can be decomposed to complex ball in C n−1 times a small angle, say U =: B ε × (−δ, δ). Our first key observation is that, on U, ∂ b -operator, b -operator, and any ∂ b -closed (n − 1, q) form admit very good representations, say by ignoring some rotations, they coincide with the ∂-operator, -operator and ∂-closed (n − 1, q)-forms on the complex ball B ε . Our second key observation is that the weakly pseudoconvexity condition provides us a local potential, which is plurisubharmonic on B ε . All these observations inspire us to construct trivial holomorphic line bundle over B ε , and let the local potential serves as a Hermitian metric of this line bundle, and then we can translate the CR eigenvalue estimate problem to a counterpart in the category of complex holomorphy. To do this, we modify Berndtsson's trick, do careful analysis. Finally and fortunately, Theorem 1.1 turns up in this paper.
CR manifold with transversal CR S 1 -action
Let (X, T 1,0 X) be a compact connected CR manifold of dimension 2n − 1, n ≥ 2, where T 1,0 X is the given CR structure on X. That is, T 1,0 X is a sub-bundle of the complexified tangent bundle CT X of rank n − 1, satisfying
We assume throughout this paper that, (X, T 1,0 X) is a compact connected CR manifold with a transversal CR S 1 -action Denote by e iθ (0 ≤ θ < 2π) the S 1 -action:
We call x ∈ X reg a regular point of the S 1 -action. It is proved in [19] that X reg is an open, dense subset of X, and thus the measure of X \ X reg is zero.
Let T ∈ C ∞ (X, T X) be the global real vector field induced by the S 1 -action e iθ (θ ∈ [0, 2π)) given as follows
Definition 2.1. We say that the S 1 -action is CR if
where [, ] is the Lie bracket between the smooth vector fields on X. Furthermore, we say that the S 1 -action is transversal if for each x ∈ X,
Definition 2.2. For x ∈ X, the Levi form L x associated with the CR structure is the Hermitian quadratic form on T 1,0
x X defined as follows. For any U, V ∈ T 1,0
where [, ] denotes the Lie bracket between smooth vector fields. Note that L x does not depend on the choice of U and V.
Definition 2.3. The CR structure on X is called (weakly) pseudoconvex at x ∈ X if L x is positive semi-definite. It is called strongly pseudo-convex at x if L x is positive definite. If the CR structure is (strongly) pseudo-convex at every point of X, then X is called a (strongly) pseudo-convex CR manifold.
Denote by T * 1,0 X and T * 0,1 X the dual bundle of T 1,0 X and T 0,1 X respectively. Define the vector bundle of (p, q)-forms by T * p,q X : Fix θ 0 ∈ [0, 2π). Let
denote the differential map of e iθ 0 : X → X. By the property of transversal CR S 1 -action, one can check that
be the pull-back of de iθ 0 , p, q = 0, 1, · · · , n − 1. From (7), we can check that for every p, q = 0, 1, · · · , n − 1,
From (1) and (2), we have that
(X) be the tangential Cauchy-Riemann operator. For the definition of tangential Cauchy-Riemann operator, we refer to [6, 10, 20] . It is straightforward from (1) and (2) to see that
We have the ∂ b -complex for every m ∈ Z: 
Metric input: Hermtian CR geometry under transversal CR S 1 -action
In this section, we collect facts we need on Hermtian CR geometry under transversal CR S 1 -action. Lemmas and Theorems not specified are taken from [19] .
Definition 3.2. Let ·|· be a Hermitian metric on CT X. We say that ·|· is T -rigid if for T -rigid vector fields V, W on D, where D is any open set, we have
Lemma 3.1. Let X be a compact connected CR manifold with a transversal S 1 -action. There is always a T -rigid Hermitian metric ·|· on CT X such that
From now on, we fix a T -rigid Hermitian metric ·|· on CT X satisfying all the properties in Lemma 3.1. The Hermitian metric ·|· on CT X induces by duality a Hermitian metric on CT * X and also on the bundles of (p, q)-forms for p, q = 0, 1, · · · , n − 1. We shall also denote all these induced metrics by ·|· . For every v ∈ T * p,q X, we write |v| 2 := v|v . We have the pointwise orthogonal decompositions:
For any p ∈ X, locally there is an orthonormal frame
The entries {λ 1 , · · · , λ n−1 } are called the eigenvalues of the Levi-form at p with respect to the T -rigid Hermitian metric ·|· . Moreover, the determinant of
Let (·|·) be the L 2 inner product on Ω p,q (X) induced by ·|· and let · denote the corresponding norm. Then for all u, v ∈ Ω p,q (X)
where dv X is the volume form on X induced by the
be the orthogonal projection with respect to (·|·). Then for any u ∈ Ω p,q (X),
By using the elementary Fourier analysis, it is straightforward to see that for any u ∈ Ω p,q (X),
m u. Thus we have the following Fourier decomposition
. We have the following Fourier decomposition of the (p, q)-th KohnRossi cohomology
be the formal adjoint of ∂ b with respect to (·|·). Since the Hermitian metrics ·|· are T -rigid, we can check that
We also have that
We will write
b,m to denote the restriction of
where Dom(
where · s denotes the standard sobolev norm of order s on X.
, is a self-adjoint operator. The spectrum of 
For λ ≥ 0, we collect the eigenspace of The next lemma is classical in Bergman's theory of reproducing kernels.
In particular,
For the proof of the above Lemma, we refer to [4, Page 308, Lemma 4.1].
Remark 3.1. A typical example of compact CR manifold with transversal CR S 1 -action is the Grauert tube. Let M be a compact Hermitian manifold of complex dimension n, (L, h) → M be a holomorphic line bundle. Denote by Θ the curvature of (L, h). Let X be the circle bundle {v ∈ L * : |v| 2 h −1 = 1} over M. X is a real hypersurface in the complex manifold L * which is the boundary of the disc bundle D = {v ∈ L * : |v| 
Grauert tube was first introduced by Grauert [15] . Grauert established the identification of sections of line bundle L over M and CR functions on X. This identification was used by Zelditch [49] to study the asymptotic expansion of Bergman kernels. Further developments (e.g. the identification of Ω 0,q
, we refer to [9, 30] .
It is worth to point out that, from almost the same proof of Theorem
Meanwhile, there are also many examples of compact CR manifolds with transversal CR S 1 -action which are not tube type. For example,
which is a compact CR manifold with a transversal CR S 1 -action defined by
The S 1 -action defined above is locally free and free on a dense, connected open subset {(z 1 , z 2 ) ∈ X : z 1 = 0}. Note that the CR S 1 action on the boundary of a Grauert tube is globally free.
Local picture: canonical local coordinates
In this section, we draw the local picture for compcat connected CR manifolds with transversal CR S 1 -action. The following result is due to Baouendi-Rothschild-Treves [3] . Theorem 4.1 (c.f. [3] ). Let X be a compact CR manifold of dim X = 2n − 1, n ≥ 2 with a transversal CR S 1 -action. Let ·|· be the given Trigid Hermitian metric on X. For any point x 0 ∈ X, there exists local
where
j=1 form a basis of T 1,0
j=1 are the eigenvalues of Levi-form of X at x 0 with respect to the given T -rigid Hermitian metric on X.
Remark 4.1. It was proved in [19] that if x 0 ∈ X reg , δ can be taken to be π, and if x 0 is not a regular point, say x 0 ∈ X k , δ can be taken to be any positive number smaller than of T * 1,0 with respect to the fixed T -rigid Hermitian metric such that on D, we have e j (x) = e j (z) = dz j + O(|z|), ∀x = (z, θ) ∈ D, j = 1, · · · , n − 1. Moreover, if we denote by dv X the volume form with respect to the T -rigid Hermitian metric on CT X, then on D we have dv X = λ(z)dv(z)dθ with λ(z) ∈ C ∞ ( D, R) which does not depend on θ and dv(z) = 2 n−1 dx 1 · · · dx 2n−2 . 
is the function defined in Lemma 4.3.
Local representations of
By the same calculations as in [19] , we have the following local representation of the operators mentioned above. (p,q) 2mϕ ) with eigenvalue less than or equal to σ on X (resp. on D). Now we recall the so-called Siu's ∂∂-formula. Let (L, h) be a holomorphic Hermitian line bundle over a compact complex n-fold (X, ω) and α be a L-valued (n, q)-form. The Hodge- * operator is defined by the formula
where ω n = ω n /n!. We define an (n − q, n − q)-form T α associated to α in a local trivialization as
where γ = * α, c n−q = i (n−q) 2 and ψ defines the metric of L. Note that the form T α is well defined globally.
where Θ L is the curvature of (L, h) and locally Θ L can be written as
The constant c is equal to zero if ∂ω q−1 = ∂ω q = 0.
Remark 5.1. The expressions of the operator ∂ * maybe different in the compact case and in the noncompact case. But if we consider it as the formal adjoint of the operator ∂, the expressions should always be the same. If we consider the formal adjoint, the formula in Lemma 5.3 is pointwise in its nature.
A preparation for localization procedure: the scaling technique
In this section, we prepare necessary tools for the localization precedure needed in the proof of Theorem 1.1. This is a modification of results in [19] . Fix x 0 ∈ X, we take canonical local patch D = D×(−δ, δ) = {(z, θ) : |z| < ε, |θ| < δ} with canonical coordinates (z, θ, ϕ) such that (z, θ, ϕ) is trivial at x 0 . In this section, we identify D with an open subset of Here {z ∈ C n−1 : |z| < r} means that {z ∈ C n−1 : |z j | < r, j = 1, · · · , n − 1}. For m ∈ N, let F m be the scaling map F m (z) =
, z ∈ D log m . From now on, we assume m is sufficiently large such that F m ( D log m ) ⊂⊂ D. We define the scaled bundle F * m T * p,q D on D log m to be the bundle whose fiber at z ∈ D log m is
a IJ ∈ C, I, J strictly increasing .
We take the Hermitian metric 
For brevity, we denote
). Let P be a partial differential operator of order one on F m D log m with C ∞ coefficients. We write P = 2n−2
. We can check that
be the Cauchy-Riemann operator and we have
where (e j (z)∧) * : T * p,q D → T * p,q−1 D is the adjoint of e j (z)∧ with respect to the Hermitian metric ·|· on T * p,q D given in Remark 4.2, j = 1, · · · , n − 1. That is (6) and (7), ∂ (m) satisfies that
Let ·|· 2mF * m ϕ be the weighted inner product on the space F * m Ω p,q 0 ( D log m ) defined as follows:
be the formal adjoint of ∂ (m) with respect to the weighted inner product · |·) 2mF * m ϕ . Let
be the formal adjoint of ∂ with respect to the weighted inner product · | · 2mϕ . Then we also have
We now define the scaled complex Laplacian
is the complex Laplacian with respect to the given Hermitian metric on T * p,q ( D) and weight function 2mϕ(z) on D.
. Consider C n−1 . Let ·|· C n−1 be the Hermitian metric with constant coefficients on T * p,q C n−1 , such that at the origin, it is equal to ω(0).
where λ(0) is the value of the function λ(z) given in Remark 4.2 at x 0 . Put
where ∂ * ,2Φ 0 is the formal adjoint of ∂ with respect to · | · 2Φ 0 .
It is not difficult to check that
on D log m , where P is a second order partial differential operator and all the coefficients of P m are uniformly bounded with respect to m in C µ ( D log m ) norm for every µ ∈ N 0 and ε m is a sequence tending to zero as m → ∞.
From Gårding's inequality together with Sobolev estimates for elliptic operator , there is a constant C r,k independent of m such that
Proof of the Theorem 1.1 Now, after a long way of preparing, we are on the way to prove Theorem 1.1. The proof of Theorem 1.1 divides into three steps.
Step 1. Fix a point x 0 ∈ X. From Lemma 4.1 and Remark 4.2, up to a coordinate transformation, we can choose a canonical local patch D = D × (−δ, δ) = {(z, θ) : |z| < ε, |θ| < δ} with canonical coordinates (z, θ, ϕ) such that (z, θ, ϕ) is trivial at x 0 and the metric ω induced by the T -rigid Hermitian metric on X be the Hermitian metric satisfies ω = 
Now we construct a trivial holomorphic Hermitian line bundle (L := D × C, h := e −2mϕ ) over D. From (11) and (12), one can identify u with an L-valued (n − 1, q) form on D, i.e. a section of the bundle Ω n−1,q ⊗ L over D, and
with the formal ∂-Laplacian operator on D with respect to the induced Hermitian metric ω (see Remark 4.2) and the Hermitian metric h of L on D. For this consideration, we make the following notations throughout this section
(n−1,q) 2mϕ
Now it is the right time for us to introduce the strategy of Berndtsson [4] . Since X is pseudoconvex, then from Proposition 2.2 we have that Θ L = i∂∂ϕ ≥ 0.
From Lemma 5.3, we get that
For r > 0 small, we define
. From Cauchy's inequality, we get that
Without loss of generality, we may assume that λ ≥ 1. From (15) we see that
Applying Stokes' formula to the left hand side of (16), we get that
Since ω is smooth and ω(0) = β, up to shrinking the local patch if necessary, we have that
Note that if ω = β, the boundary term in (17) can be estimated by an integral with respect to surface measure
2 dS, and this implies that in our case
From (17), (18) and (20), by incorporating the term cr 2 σ(r) in O(r)σ(r), we get that
Dividing by 2rs(r) to both sides of (21), we obtain
We are going to prove
for k ≤ q by induction over k. The statement is trivial for k = 0. In fact, from (11) and (13), we have that
since we have assumed that u = 1. Now we assume that it has been proved for a certain value of k < q. Then (22) From (23) and (24), we obtain that
and multiply (25) by the integrating factor e −Φ(r) . The result is that
Integrate this inequality from r to λ −1/2 . Since e −Φ ∼ 1/r k+1 , we get that
By induction, we obtain that
After squaring both sides, we obtain that
Go through the proof given above line by line, one can see that the constant C only depends on the local coordinatesp, c in Siu's formula (which depends only on the metric ω), O(1) and δ, but from the compactness of X, one can get a uniform constant C independent of r, m, λ and the point x 0 .
Step 2. In the sequel, we shall use the scaling technique in Section 6.
For any form u ∈ Ω n−1,q b,m (X), we express u in terms of the trivialization and local canonical coordinates on D and write u = e mϕ e −imθ u on D as before. Firstly we assume that λ ≤ m. Put
so that u (m) is defined for |z| < 1 if m is large enough. We also have the scaled Laplacian , and from (8), it satisfies
From (10),
converges to a m-independent elliptic operator as m → ∞ on a neighborhood of |z| ≤ 1.
Therefore, from Propositon 6.1, we obtain that
for m sufficiently large and k > n− 1 2 , where C r,k in Proposition 6.1 depends on r and k, but here C r,k = C 1,k =: C k only depends on k since r = 1 in (27) .
By coordinate transformation formula, we have that
From (26) in
Step 1, we get that
and m n−1−2k
Combining (27) , (28) and (29), we obtain that
Secondly, if λ ≥ m, we apply the above procedure to the scaling u
instead, and trivially get
Step 3. Since ∂ b commutes with 
with λ ≤ m, and
with λ ≥ m.
From (30), (31) and (32), we obtain that for λ ≤ m
and for λ ≥ m,
In conclusion, we complete the proof of the Theorem 1.1.
Remark 7.1. In [4] , iBerndtsson constructed for any 0 ≤ q ≤ n, a compact Kähler manifold M of complex dimension n and a semipositive line bundle over M such that for large k,
Let X be the circle bundle X := {v ∈ L * : |v| 2 h −1 = 1} over M which is of real dimension 2n + 1. Then from the Theory of Grauert tube in Section 3.1, one can see that for large m,
Thus we can see that in Theorem 1.1, the growth order is sharp.
Serre type duality theorem
Let X be a compact CR-manifold of real dimension 2n − 1, which admits a transversal CR S 1 -action. Let u ∈ H p,q m (X), which means that Proof. For the proof, we follow the counterpart for complex manifold case in [22] . Suppose that u, v ∈ Ω p,q m (X). For simplicity we denote as follows
Moreover, for A p = α 1 · · · α p , we put
Similarly we define B n−1−q for a given
Then with this notation, we can write u, v in local coordinates by
where dz Ap and dz Bq are T -invariant forms. Set
From the definition of (·|·) and similar computations in [22] , one can compute that * v can be represented by * v = (i)
with k = (n − 1)(n − 2)/2 + (n − 1)q, g(z) = det(g i,j (z)) and
Replacing v by v and interchanging A with B, we obtain * v = i n (−1)
with k ′ = (n − 1)(n − 2)/2 + (n − 1)p, and
It is easy to see that the map v → * v is linear, namely we have
Proof. It suffices to check this at arbitrarily fixed point x 0 ∈ X. Take canonical local coordinates (z, θ) so that (z(x 0 ), θ(x 0 )) = (0, 0) and
. Moreover we have
Substituting these inequalities into (34) and (35), we get that
By standard arguments, we have the following
In the sequel, we will deduce a formula for ∂ *
By the definition of the * -operator, we have that
Since X is compact, we have that
Since u ∧ * v is an (n − 1, n − 2) form, we have that ∂ b (u ∧ * v) = 0 and ∂ b (u ∧ * v ∧ ω 0 ) = 0. Then we obtain that
From (37) and (38), we have that
By Proposition 8.3, we have that
Combining (36), (40) and (41), we have that Proof. By direct computations, we have that
Thus we complete the proof of the Lemma. Now we are on the way to get the following Theorem 8.6 (= Theorem 1.2). Let X be a compact CR-manifold of real dimension 2n − 1, which admits a transversal S 1 -action. Then the Hodge * -operator defined by (33) induces a conjugate linear isomorphism * :
In particular, by combining the Hodge theory for Proof. Based on Lemma 8.5, we only need to prove that if u = 0, then * u = 0, which follows directly from the definition of the * -operator.
Combining Theorem 1.1, we obtain the following Theorem 8.7 (= Theorem 1.3). Let X be a compact CR-manifold of real dimension 2n − 1, which admits a transversal CR S 1 -action. Suppose that X is a weakly pseudo-convex CR manifold. Then we have that for q ≥ 1, dim H 0,q −m (X) ≤ Cm n−1−q , as m → +∞.
Applications
In this section, we introduce some applications of our main results.
9.1. Morse type inequalities and Grauert-Riemenschneider type criterion. Let X be compact connected CR manifold of real dimension 2n − 1, n ≥ 2 which admits a transversal CR S 1 -action. Set X(q) := {x ∈ X|L x has exactly q negative eigenvalues and n − 1 − q positive eigenvalues}.
In [19] , it is proved that the following Morse type inequalities hold.
Theorem 9.1 (c.f. [19] ). Let X be a compact connected CR manifold with a transversal CR S 1 -action. Assume that dim R X = 2n − 1, n ≥ 2. Then for every q = 0, 1, · · · , n − 1, as m → +∞, we have
From Theorem 1.2, we get that Theorem 9.2 (=Theorem 1.4). Let X be a compact connected CR manifold with a transversal CR S 1 -action. Assume that dim R X = 2n − 1, n ≥ 2. Then for every q = 0, 1, · · · , n − 1, as m → +∞, we
The following is the corresponding Morse type inequalities for m ≤ 0 in [19] . Theorem 9.3 (c.f. [19] ). Let X be a compact connected CR manifold with a transversal CR S 1 -action. Assume that dim R X = 2n−1, n ≥ 2. For every q = 0, 1, 2, · · · , n − 1, as m → −∞, we have
In particular, when q = n − 1, as m → −∞, we have the following asymptotic Riemann-Roch theorem
Applying our Theorem 1.2, we have that Theorem 9.4 (=Theorem 1.5). Let X be a compact connected CR manifold with a transversal CR S 1 -action. Assume that dim R X = 2n − 1, n ≥ 2. For every q = 0, 1, 2, · · · , n − 1, as m → +∞, we have
From the asymptotic Riemann-Roch theorem in Theorem 9.4 and Theorem 1.1, we conclude that Theorem 9.5 (= Theorem 1.6). Let (X, T 1,0 X) be a compact connected CR manifold of dimension 2n − 1, n ≥ 2, where T 1,0 X is the given CR structure on X. Assume that X admits a transversal CR S 1 -action. If X is weakly pseudo-convex and strongly pseudo-convex at a point, then
By A ≈ B, we mean that there is a positive constant C such that
9.2. Application to orbifold. Let us first recall some basics of orbifold (c.f. [11, 31] ). Let X be a Hausdorff space. An (C ∞ ) orbifold chart for an open set U ⊂ M is a triple ( U, G, ϕ), where U is a domain in R n , G is a finite group acting effectively as automorphisms of U, and ϕ U : U → U is a continuous map such taht ϕ • σ = ϕ for all σ ∈ G, inducing a homeomorphism from the quotient space U /G onto U. An injection between two charts ( U , G, ϕ) and (
An orbifold atlas V ′ is said to be a refinement of V if there exists an injection of every chart of V ′ into some chart of V. An orbifold X = (X, V) is a Hausdorff space X with a (maximal) orbifold atlas V.
We can assume an additional structure such as orientation, Riemannian metric, almost-complex structure or complex structure, CR structure on every V in the orbifold atlas V. We understand the morphisms (and the groups) preserve the specified structure. Thus we can define oriented, Riemannian, almost-complex or complex, CR orbifolds.
Remark 9.1. Let X be a smooth manifold of real dimension m, and G be a compact Lie group acting on X locally free. Then the quotient space X/G is an orbifold. Conversely, any orbifold X can be realized in this way, with G = O(m), the orthogonal group of degree m over R.
An orbifold vector bundle E over an orbifold X = (X, V) is defined as follows: E is an orbifold and for
) is the orbifold structure on E (resp. X). If G E U acts effectively on U for U ∈ U, we call E a proper orbifold vector bundle.
Remark 9.2. Let E be an orbifold vector bundle on (X, V). For U ∈ U, let E pr U be the maximal K E U -invariant subbundle of E U on U . Then (G U , E pr U ) defines a proper orbifold vector bundle on (X, V), denoted by E pr .
From the above Remark, without loss of generality, we only consider proper orbifold vector bundle throughout this paper.
Let E → X be an orbifold vector bundle. A section s :
If X is an oriented orbifold, we define the integral X Φ for a form Φ over X as follows: if Supp(Φ) ⊂ U ∈ U, then
Now let (X, T 1,0 X) be a CR orbifold, i.e., there is an orbifold atlas V on X, such that for every ( U , G, ϕ) ∈ V, there is a CR structure ( U, T 1,0 U ) so that the group G acts on and preserves the CR structure on U .
In a similar way, one can define the ∂ b -complex on X. Furthermore, Theorem 3.2, Theorem 3.3, Theorem 3.4 also hold for compact CR orbifold with transversal CR S 1 -action. It is natural to ask the following Question 9.1. Does the Theorem 1.1 also hold for compact CR orbifold with transversal CR S 1 -action?
Since on every orbifold chart ( U , G, ϕ), the S 1 -action generates a Ginvariant vector field T on U which preserves the CR structure on U and satisfies the transversal condition, then by almost the same arguments as in [3] , we can see that Bauoendi-Roth-Treves' Theorem 4.1 on the existence of canonical local coordinates also holds on the CR orbifold setting.
To answer the above question, we establish the following Theorem 9.6 (=Theorem 1.7). Let (X, T 1,0 X) be a compact connected CR orbifold of dimension 2n − 1, n ≥ 2, where T 1,0 X is the given CR structure on X. Assume that X admits a transversal CR S 1 action and X is weakly pseudo-convex. Then for m sufficiently large, if 0 ≤ λ ≤ m, Here we omit the details and just give a sketch of the proof. We take the advantage that the key estimate in our proof of Theorem 1.1 is a pointwise estimate. We work on a local canonical orbifold chart ( U, G, ϕ). Note that everything on U is invariant under the group action G, then the desired estimate on the orbifold chart above can be achieved by the same method as before, which can be naturally pusheddown to U by the invariance under the group action. Then from the compactness of the orbifold, we can complete the proof of Theorem 9.6. Remark 9.3. Similarly, Theorem 8.6 and Theorem 1.3 can also be generalized to CR orbifold setting.
Let M be a compact connected complex manifold and G be a compact Lie group acts analytically on M. We assume that the action of G on M is locally free. Then M/G is a complex orbifold. Suppose that dim C (M/G) = n. Let L → M be a G-invariant holomorphic line bundle over M, i.e., the transition functions of L are G-invariant. Suppose that L admits a locally free G-action compatible with that on M, i.e., an action (g, v)(∈ G × L) → g • v ∈ L with the property π(g • v) = g • (π(v)) where π : L → M is the bundle projection. Then L/G is an orbifold holomorphic line bundle over M/G.
The G-action on L can be naturally extended to L m := L ⊗m and L commutative diagram:
where ( U × S 1 )/G U * ⊂ X and U ⊂ M/G. We identify U with an open set of C n , and introduce holomorphic coordinates z = (z 1 , · · · , z n ) on U . We have the local diffeomorphism τ : U × (−ε 0 , ε 0 ) → X, 0 < ε 0 ≤ π,
We understand the image of the map τ is contained in an orbifold chart of X.
Put D = U × (−ε 0 , ε 0 ) as a canonical coordinate patch with (z, θ) canonical coordinates (with respect to the trivialization s on U ) such that on D, the global real vector field T induced by the S 1 -action is Note that u(z, θ)e −imθ is a form independent of θ. It is easy to see that this map is a bijective. We will prove that A 
Observe that the above equality is invariant under the G-action. Let s 1 = g s for g a unit on U . It is easy to find that
Note that if τ (z, θ) = τ 1 (z, η), then with a certain branch of square root, we have e −iθ g(z) g(z)
From (46) and (47), we can easily verify that (45) m u. The last equality follows from the fact that s is holomorphic.
Since u is G U * invariant, s and ψ are G U invariant, and the actions commutes with ∂, we can see that A p,q+1 m (D)(∂ b u) is a well-defined local section of L m over U , which can be patched together to a global section of L m over X by the previous proof. The proof of Theorem 9.7 is completed.
Combining Theorem 9.6 and Theorem 9.7, we can get the following Theorem 9.8 (= Theorem 1.9). Let M be a compact complex manifold and G a compact Lie group. Suppose that G acts on M analytically, locally free and dim C M/G = n. Let L be a G-invariant holomorphic Hermitian line bundle over M. Suppose that L admits a locally free G-action compatible with M and the curvature of L is semi-positive. Then we have that for m sufficiently large,
